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a b s t r a c t
In this paper, we study the 1-cohomology groups associated with
the unitary irreducible representations of locally compact groups
of isometries of regular trees. We begin by explaining definitions
and terminology about 1-cohomology groups and Gelfand pairs,
already well known in the literature. Next, we focus on the irre-
ducible representations of closed groups of isometries of homo-
geneous or semihomogeneous trees acting transitively on the tree
boundary. We prove that all the groups H1(G, π) are always zero
with only one exception. This result is already known for both
groups PGL2(F ) and PSL2(F ) where F is a local field.
© 2012 Published by Elsevier GmbH.
1. Introduction
The purpose of this paper is to describe the 1-cohomology groups associated to the irreducible
representations of some groups acting isometrically on regular trees. The class of groups considered
is the class of all closed noncompact groups of isometries of a regular tree (that is a homogeneous or a
semihomogeneous tree) acting transitively on the tree boundary. We first recall some definitions and
properties of 1-cohomology groups associated to unitary representations of locally compact groups
(for more details the reader is referred to the papers [7,8]), then we give a concise description of the
affine representations of a group G and we recall the definition of the property (T ) of Kazhdan (a
convenient reference for affine representations and for property (T ) is [4]). After recalling the notion
of Gelfand pairs, we describe the theory of unitary irreducible representations for groups of isometries
of regular trees acting transitively on the tree boundary as developed by [9,6]. The class of groups
considered in this paper contains the groups PGL2 (F ) and PSL2 (F )whereF is a local field; in analogy
with these groups, the main result of this paper is the following: all the groups H1 (G, π) are always
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zero with only one exception where the group H1 is a one-dimensional space. The results used to
prove the main theorem are the Theorem of Delorme [10] which implies that H1 (G, π) = 0 for every
spherical representation ofG and the Theoremof Shalom [12]which ensures us thatH1 (G, π) ≠ 0 for
at least one irreducible representation π . In [6], we describe the spherical and the special irreducible
representations of the groups considered in this paper; the other irreducible representations of a
general G are not known. However, the fact that H1 (G, π) = 0 for every irreducible representation
π which is neither spherical nor special is very easy to prove (see Proposition below). The paper
concludes by proving that the group H1 (G, σ ) ≠ 0 is one-dimensional.
2. 1-cohomology groups
Let G be a locally compact group; let π be a unitary strongly continuous representation of G in a
Hilbert spaceHπ . Then a cocycle f of π is a continuous function f of G inHπ such that f satisfies the
so called cocycle identity, that is
f (xy) = f (x)+ π(x)f (y)
for every x and y in G.
The set of cocycles of π is denoted by Z1(G, π); it is an abelian group (indeed a linear space) with
respect to the sumofHπ . If v is a vector ofHπ , we define ∂v(x) = π(x)v−v for every x inG; ∂v is called
the coboundary associated with v. Any coboundary is a cocycle; the set of coboundaries is a group (in
fact ∂αv+βw = α∂v + β∂w). The group of coboundaries is denoted by B1(G, π) and it is a subgroup
of Z1(G, π). The quotient group Z1/B1 is called the first cohomology group (or 1-cohomology group)
H1(G, π) associated with π that is:
H1(G, π) = Z
1(G, π)
B1(G, π)
.
Therefore H1(G, π) = 0 if and only if every cocycle is a coboundary. The cocycles appear in the
study of affine representations of G, that is the strongly continuous representations of G in the group
Iso(H) of all isometries ofH as metric space (an isometry of Iso(H) is a bijective map φ ofH ontoH
such that, for every x and y inH , we have: ∥φ(x)−φ(y)∥ = ∥x− y∥). Any isometry φ can be written,
in a unique way, as a product of two isometries φ = TvU where U is a unitary operator ofH and Tv is
a translation ofH along the vector v, i.e. Tv(w) = v + w for everyw. If α(g) = Tb(g)π(g) for every g
in G, then it is easy to see that α is an affine representation of G if and only if π is a unitary continuous
representation of G and b is a cocycle of Z1(G, π).
Moreover the cocycle b associated to α is a coboundary if and only if the group of isometries α(G)
ofH fixes a vector v ofH , that is if and only if α(G) is a group of rotations around v (and so b = ∂−v).
Therefore H1(G, π) = 0 if and only if every affine representation of G with unitary part π fixes a
vector ofH . In particular H1(G, π) = 0 for every unitary representation π if and only if every affine
representation of G has a fixed vector inH (see [4]).
Recall that a locally compact group G is called a Kazhdan group or the group G is said to have
the property (T ) of Kazhdan if the one-dimensional trivial representation of G is an isolated point of
the dual space of G. Also recall that the dual space of G is the set of (classes) of irreducible unitary
representations of G equipped with the Fell topology. It is known that a locally compact separable
group has the property (T ) of Kazhdan if and only if H1(G, π) = 0 for every unitary continuous
representation π of G (also for property (T ) see [4]). Adding the assumption that G is generated
by a compact neighbourhood of the identity, in [12] Shalom proved that H1(G, π) = 0 for every
unitary irreducible representation π is an equivalent condition for G being a Kazhdan group. On the
other hand, the free nonabelian group on finitely many generators has the opposite property that
H1(G, π) ≠ 0 for every unitary continuous representation π [see [8], p. 327].
Let f be a cocycle, then the cocycle identity implies that:
(1) f (1G) = 0.
(2) f (x−1) = −π(x−1)f (x) for every x in G.
(3) π(x)f (y) = f (xy)− f (x) for every x and y in G.
These relations imply that the set {x : f (x) = 0} is a closed subgroup of G; in particular the set of
points on which two cocycles agree is a closed subgroup of G.
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The relation (3) implies that the subspace of Hπ generated by the image of a cocycle f (G) is π-
invariant. Hence if π is irreducible and f ≠ 0, then the subspace generated by f (G) is dense inHπ .
The restriction of a cocycle of G to a compact subgroup K is a coboundary of K . This fact is obtained
by integrating the cocycle identity on K with respect to the normalized Haar measure of K which is
biinvariant. Indeed, if f is a cocycle, then for every x and k in K we have:
K
f (k)dk =

K
f (xk)dk =

K
f (x)dk+

K
π(x)f (k)dk = f (x)+ π(x)

K
f (k)dk.
Therefore f (x) = ∂(−v)(x) for every x in K where v =

K f (k)dk. (Here the integral is considered
in the Bochner sense and f is a continuous function with values in Hπ ; in particular v is the unique
vector such that

K (f (k), ξ)dk = (v, ξ) for every ξ in Hπ . The integrals in the formula above are
considered in the same sense, observing that the operator π(x) commutes with the integral on K as
is easily verified.)
The cocycle f is equivalent in H1(G, π) to the cocycle f − ∂(−v), therefore we can suppose that the
cocycle f is identically zero on a compact subgroup. On the other hand, a coboundary ∂w is identically
zero on a compact subgroup K if and only if w is a K -invariant vector of π , i.e. π(k)w = w for every
k in K . Hence, if G has no nonzero K -invariant vector with respect to π , then every coboundary which
is zero on K is identically zero on G. This implies that every class of cocycles of H1(G, π) contains one
and only one cocycle which is zero on K and the space H1(G, π) is isomorphic to Z1K (G, π), where
Z1K (G, π) is the subgroup of Z
1(G, π) consisting of all cocycles of G identically zero on K . Therefore if
π has no nonzero K -invariant vector, then H1(G, π) = 0 if and only if every cocycle which is zero on
K is zero on G.
If G is compact then, for K = G, we have that H1(G, π) = 0 for every unitary representation π
(in fact every compact group has the property (T ) of Kazhdan).
Finally, we recall that if K is a compact subgroup of G and π is a unitary continuous representation
of G, then Hπ (K) is the closed subspace of Hπ consisting of all K -invariant vectors and PK is the
orthogonal projector onto the spaceHπ (K). The operator PK is defined by the following formula, for
every ξ and η inHπ :
K
(π(k)ξ , η)dk = (PK ξ, η).
3. Gelfand pairs
Let G be a locally compact group and K be a compact subgroup of G; then the pair (G, K) is
called a Gelfand pair if the space Cc(K/G \ K) of complex continuous bi-K -invariant functions with
compact support is a commutative algebra with the convolution product (the space Cc(K/G \ K) is
always an algebra with the convolution product). We say that a unitary irreducible representation
π of G is spherical if π has a nonzero K -invariant vector. If π is spherical then the space Hπ (K)
consisting of all K -invariant vectors is one-dimensional (for Gelfand pairs, we refer the reader to [5]).
The trivial one-dimensional representation (or the trivial character) iG is a spherical representation.
The space B1(G, iG) = 0 and soH1(G, iG) = Z1(G, iG). The space Z1(G, iG) is the space of all continuous
homomorphisms of G in the additive group C of complex numbers.
In [10] Delorme has proved the following Theorem:
Theorem (Delorme [10]). Let (G, K) be a Gelfand pair where G is a separable locally compact group. If π
is a spherical representation and π ≠ iG, then H1(G, π) = 0.
4. Homogeneous and semihomogeneous trees
Let X be a homogeneous or a semihomogeneous tree; let Aut(X) be the group of all isometries
of the tree X which is endowed with the natural distance (for more details on the tree X and its
boundary Ω , and on the group Aut(X) and its topology see the first chapter of [6]). We consider a
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closed noncompact subgroupG ofAut(X) acting transitively on the tree boundaryΩ . In [6] Proposition
(10.2) p. 27, we prove that such a G has at most two orbits on X . More precisely if X is homogeneous
and G is not transitive on X then G has two orbits, say X+ and X−, which are the two equivalence
classes of the relation ‘‘the distance d(x, y) is an even number ’’ (d(., .) is the geodesic distance of the
tree). If X is semihomogeneous then G cannot be transitive on X and it always has two orbits, which
are the two sets of vertices of homogeneity l and m, respectively, with l ≠ m. Also in the case of a
semihomogeneous tree the two orbits are the two equivalence classes X+ and X− (really in [6] we
only consider the homogeneous case, however the semihomogeneous case is very similar and one
can easily obtain, mutatis mutandis, the result).
Hence we now consider two classes of groups.
(*) The class of all closed subgroups of Aut(X)with transitive action on the vertices and on the boundary
of the homogeneous tree X .
(**) The class of all closed subgroups of Aut(X) with transitive action on the boundary and with two
orbits, X+ and X−, on the vertices of the homogeneous or semihomogeneous tree X .
If G is in the class (*), then we consider the subgroup G+ consisting of all isometries g in G such
that d(x, g(x)) is an even number for every x in X (that is G+ is the set of all rotations and of all even-
step translations of G, see [14] or [6] p. 7 for the classification of isometries of a tree). It is easy to see
that G+ is an open normal subgroup of G of index 2 and G+ belongs to the class (**). The coset G \ G+
contains exactly the inversions and the odd-step translations of G. Therefore every group of the class
(*) contains an open subgroup of the class (**) of index 2.
Some important examples of groups of the two classes are the groups of matrices PGL2(F ) and
PSL2(F )whereF is a local field (for example the field of p-adic numbersQp). The groupsPGL2(F ) and
PSL2(F ) can be embedded into the group Aut(X), where X is a homogeneous tree of order q+ 1 ≥ 3
and q is the order of the residue field ofF , as closed noncompact subgroups acting transitively on the
tree boundary (see [11] or [6] p. 127). PGL2(F ) acts transitively on X while PSL2(F ) has two orbits.
As in [9], in [6, p. 84 et seq.], we classify the irreducible unitary representations of groups of both
classes for homogeneous trees (the case (**) for semihomogeneous trees is similar). The irreducible
unitary representations are classified with respect to the cardinality lπ of a minimal tree associated
to π . Recall that a complete finite subtree F of X is a finite subtree such that, for every vertex v of F ,
either all the adjacent vertices of v belong to F or only one adjacent vertex of v belongs to F . If GF is
the subgroup of G fixing all the vertices of the complete finite subtree F , then GF is a compact open
subgroup of G and so m(GF ) is finite and positive where m is the Haar measure of G. Moreover, as F
varies among all complete finite subtrees, the group GF describes a basis of neighbourhoods of the
identity of G. Hence, if π is a unitary representation of G and ξ is a nonzero vector, then there exists a
complete finite subtree F such that
(PGF ξ, ξ) =
1
m(GF )

GF
(π(g)ξ , ξ)dg ≠ 0
that is, there exist complete finite subtrees such that PGF ≠ 0. We define lπ as the smallest positive
integer for which there exists a complete finite subtree F having lπ vertices and such that PGF ≠ 0. A
minimal tree for π is a complete finite subtree F of cardinality lπ such that PGF ≠ 0.
We define:
(1) The irreducible representation π is called spherical if lπ = 1, i.e. if the minimal tree is a vertex.
(2) The irreducible representation π is called special if lπ = 2, i.e. if the minimal tree is an edge.
If v is a vertex and Gv is the stabilizer of v in G, then Gv is a compact open subgroup of G. If G
belongs either to the class (*) or to the class (**), then Gv acts transitively on the tree boundary (see
[6] p. 26). Therefore (G,Gv) is a Gelfand pair and the spherical representations in the sense of Gelfand
pairs are, exactly, the spherical representations of the above classification. In [6] (see also [9]) we
describe in detail all the spherical and special representations of a general group G of both classes.
In the case (*), G has two special representations called σ+ and σ− while, in the case (**), G has only
one special representation, say σ (see [6] p. 97). The representations σ+, σ− and σ are L2 but not L1-
representations (i.e. every nonzero coefficient of the representation is in L2(G) but not in L1(G)) and so
they are contained in the regular representation of G. It should be noted that the definition of special
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representation in term of minimal tree is not equivalent to that used in the theory of representations
of totally disconnected locally compact groups (in particular in the theory of p-adic groups). In fact a
representationπ ofPGL2(F ) is called special if every nonzero coefficient is in L2(G) but not in L1(G). As
observed, every irreducible representation π of G such that lπ = 2 is an L2 but not L1-representation,
but the converse, in general, is not true. In fact PGL2(Qp) has four L2 but not L1-representations, for
two of which lπ = 2 while for the other two lπ > 2 (see [13] p. 42 et seq.).
If X is homogeneous, G belongs to the class (*) and [a, b] is an edge, then the pair (G,G[a.b]) is a
Gelfand pair, where G[a.b] = {g ∈ Aut(X) : g([a, b]) = [a, b]} is the stabilizer of the edge [a, b].
The special representation σ+ (but not the other special representation σ−) is a nontrivial spherical
representation of the Gelfand pair (G,G[a.b]) (the vector f0 of [6] p. 96 is G[a,b]-invariant).
The classification of all irreducible representations π such that lπ > 2 is still an open problem,
solved only in special cases.
If G = Aut(X) the classification of all irreducible representations π such that lπ > 2 is due
to Ol’shianskii who in [9] proves that every irreducible representation of Aut(X) which is neither
spherical nor special has a dense subspace of coefficients with compact support (such representations
are called cuspidal) and so every nonspherical irreducible representation of Aut(X) is contained in the
regular representation. In [1] Amann introduces some groups of the class (*) satisfying the property
P of Tits (see [14]). Amann extends to these groups the results of Ol’shianskii and, also for these
groups of the class (*), an irreducible representation π is cuspidal if and only if lπ > 2 (we are
grateful to the Referee for pointing out the Ref. [1]). On the other hand, the method of Ol’shianskii
does not apply to the classification of irreducible representations π with lπ > 2 of other notable
subgroups of Aut(X); it may happen that irreducible representations with minimal tree of cardinality
greater than two of some subgroupsG fail to have coefficientswith compact support. In fact, the group
G = PGL2(Qp) has a family of irreducible nonspherical representationswhich are not contained in the
regular representation (see [13] p. 42 et seq.).
The purpose of this paper is to prove the following Theorem.
Theorem. Let X be a homogeneous tree; let G be a closed subgroup of Aut(X) acting transitively on X
and on its boundary. Then H1(G, π) = 0 for every continuous unitary irreducible representation π of G
with only one exception: the special representation σ− where H1(G, σ−) ∼= C.
Let X be a homogeneous or a semihomogeneous tree; let G be a closed subgroup of Aut(X) acting
transitively on the tree boundary and with two orbits on X. Then H1(G, π) = 0 for every continuous
unitary irreducible representation π of G with only one exception: the unique special representation σ
where H1(G, σ ) ∼= C.
We have been informed by the Referee that Theorem above was obtained, but not published,
by Amann in his Master Thesis [2] for the special case G = Aut(X), that is for the full group of
automorphisms of a homogeneous tree X , with a quite different proof. We thank the Referee for the
Ref. [2].
Now we prove the Theorem. Delorme’s theorem implies that H1(G, π) = 0 for every nontrivial
spherical representation π of a group of both classes. On the other hand H1(G, iG) = 0. In fact
a continuous homomorphism of G in the additive group of the complex numbers is zero on every
compact subgroup of G; hence H1(G, iG) = 0 because G is generated by the compact subgroups Ga
and G[a,b] where [a, b] is an edge if G is in the class (*) while G is generated by Ga ∪ Gb if G is in the
class (**) (see the proof of Proposition below).
For the special representation σ+ and G in the class (*), we can deduce again from Delorme’s
theorem that H1(G, σ+) = 0. In fact, as observed, the special representation σ+ is a nontrivial
spherical representation of the Gelfand pair (G,G[a,b]).
Now we consider the representations π with minimal tree of cardinality greater than two, for a
group G either of class (*) or of class (**). Note that, to prove that H1(G, π) = 0, the irreducibility of π
is not needed.
Proposition. Let π be a unitary continuous representation of a group G which belongs either to the
class (∗) or to the class (∗∗). We suppose that the minimal tree of π is neither a vertex nor an edge (this
means that every (Ga ∩ Gb)-invariant vector is zero for every edge [a, b]). Then H1(G, π) = 0.
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Proof. First we prove the Proposition for a group G which belongs to the class (**). Let [a, b] be an
edge; we prove now that if H is a subgroup of G containing Ga ∪ Gb, then H = G. In fact H is open in G
because it contains Ga, hence it is closed in Aut(X). H is not compact because it contains properly Ga
(Ga ≠ Gb); H acts transitively on the tree boundary because Ga is transitive on the boundary (see [6]
p. 26). Therefore H has two orbits, X+ and X−, the same orbits as G and H = G because H contains the
stabilizer of a vertex Ga. Now let f be a cocycle of π ; then there exist two vectors v and w such that
f = ∂v on Ga and f = ∂w on Gb because the stabilizers are compact subgroups of G. Hence ∂v = ∂w
on Ga∩Gb; this means that v−w is a (Ga∩Gb)-invariant vector. The hypotheses imply that v−w = 0
and so f = ∂v on Ga ∪ Gb. Let H be the subgroup of G on which f = ∂v; because H contains Ga ∪ Gb
then H = G and H1(G, π) = 0.
Now let G be a group in the class (*). The subgroup G+, as observed, belongs to the class (**) and
Ga ∩ Gb is contained in G+. Hence H1(G+, π |G+) = 0 by the first part of this proof. This means that
for every cocycle f of π there exists a vector v such that f = ∂v on G+. Let H be the subgroup of G
on which f = ∂v; because H contains the subgroup G+ which has index two in G, to complete the
proof, it is enough to show that the equality H = G+ is not possible. In fact if, on the contrary, f = ∂v
exactly on G+, then the cocycle h = f − ∂v is zero only on G+ and so h is constant and different from
zero on G \ G+ (recall that h is G+-invariant because it is zero on G+). Let u0 be an element in G \ G+,
then G = G+ ∪ u0G+ and h(u0) ≠ 0. For every g in G+, we have:
π(g)h(u0) = h(gu0)− h(g) = h(u0).
Because Ga ∩ Gb ⊂ G+, h(u0) is a nonzero (Ga ∩ Gb)-invariant vector. This is a contradiction and
Proposition follows. 
As observed, the groups of both classes are locally compact separable groups which are generated
by a compact neighbourhood of the identity. Moreover these groups do not have property (T ) of
Kazhdan (see [6] for a description of the spherical dual of G). Therefore the theorem of Shalom
[12] implies that there exists a unitary irreducible representation π of G such that H1(G, π) ≠ 0.
Summarizing, we have just proved the following fact:
(1) if G is in the class (*), then H1(G, π) = 0 for every irreducible representation π ≠ σ− and
H1(G, σ−) ≠ 0.
(2) if G is in the class (**), then H1(G, π) = 0 for every irreducible representation π ≠ σ and
H1(G, σ ) ≠ 0.
We will now prove that H1(G, σ−) ≃ H1(G, σ ) ≃ C. We give an explicit description of the
group H1(G, σ±) when G is in the class (*) and σ± are the two special representations of G. In fact
the description of the group H1(G, σ−) is very similar to that of the other group H1(G, σ+) and, in
this way, we can prove directly that H1(G, σ+) = 0 instead of deducing this from Delorme’s theorem.
Now let G be a group in the class (*) and σ be either σ+ or σ−. We fix a Haar measure on G in such
a way that Gx, the stabilizer of the vertex x, has measure equal to 1 for every x (we recall that G is
unimodular and the compact open subgroups Gx are conjugates to each other). Let [a, b] be an edge
which is a minimal tree for σ . The representation σ has a nonzero (Ga ∩ Gb)-invariant vector and the
space of (Ga ∩ Gb)-invariant vectors has dimension equal to 1 (see [6] p. 97). Let ξ0 be a (Ga ∩ Gb)-
invariant vector of norm 1. Let f be a cocycle identically zero on Ga and let φ(x) = (f (x), ξ0). Recall
that the subspace generated by the image of a nontrivial cocycle is a dense subspace ofHσ because σ
is irreducible, therefore if φ ≡ 0 then f ≡ 0.
For every k ∈ Ga and for every x in G, we have:
f (xk) = f (x)+ σ(x)f (k) = f (x)
that is φ is right Ga-invariant. Because G is transitive on X the function φ can be viewed as a function
on G/Ga ∼ X . Therefore the value φ(v), for a vertex v of X , is the value of φ on the coset gGa consisting
of all elements g such that g(a) = v. Henceφ (b) = (f (g), ξ0) for every isometry g such that g(a) = b,
in particular every inversion on the edge [a, b].
Moreover, we have:
f (kx) = f (k)+ σ(k)f (x) = σ(k)f (x)
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and so:
φ(kx) = (f (x), σ (k−1)ξ0). (1)
This implies that, if k ∈ Ga ∩Gb then φ(kx) = φ(x). This means that φ is left (Ga ∩Gb)-invariant and it
is constant on every orbit of the group Ga ∩ Gb on X . Let Ca,b be the cone consisting of all vertices x of
X such that the geodesic joining a to x contains b. Let Cb,a be the opposite cone of Ca,b, that is the set
containing all vertices x such that the geodesic joining b to x contains a. The two cones Cb,a and Ca,b
are disjoint and Cb,a ∪ Ca,b = X (observe that a ∉ Ca,b and b ∉ Cb,a).
We define:
Ean = {x ∈ X : d(a, x) = n} ∩ Cb,a
Ebn = {x ∈ X : d(b, x) = n} ∩ Ca,b
for every n ≥ 0. (for n = 0, Ea0 = {a} and Eb0 = {b}). We have:Ean = Ebn = qn ∀n ≥ 0
where q + 1 ≥ 3 is the order of the homogeneous tree X . The function φ is constant on every set Ean
and on every set Ebn . Recall that σ is not a spherical representation, then
PGa =

Ga
σ(k)dk = 0.
By (1) it follows that:
Ga
φ(kx)dk = (f (x), PGaξ0) = 0.
This means that the sum of values of φ on the set of vertices at distance n from the vertex a is zero
for every n.
Now let k be in Gb and x be in G, then:
φ(kx) = (f (kx), ξ0) = (f (k), ξ0)+ (f (x), σ (k−1)ξ0)
and recalling that
PGb =

Gb
σ(k)dk = 0
for every xwe have that:
Gb
φ(kx)dk =

Gb
φ(k)dk+ (f (x), PGbξ0) =

Gb
φ(k)dk.
Let u be an inversion on the edge [a, b]. Because Gb = uGau−1 and f is zero on Ga, we have that
Gb
φ(k)dk =

Ga
φ(uku−1)dk =

Ga
(f (uku−1), ξ0)dk
=

Ga
(f (uk), ξ0)dk+

Ga
(σ (uk)f (u−1), ξ0)dk
=

Ga
(f (u), ξ0)dk+

Ga
(σ (u)f (k), ξ0)dk+

Ga
(σ (uk)f (u−1), ξ0)dk
= φ(b)+

Ga
(σ (k)f (u−1), σ (u−1)ξ0)dk = φ(b)+ (PGa f (u−1), σ (u−1)ξ0) = φ(b)
and so, for every x
Gb
φ(kx)dk = φ(b).
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The integral at the left-hand side of the equality is the product of themeasurem(Gb∩Gx) = 1/(q+
1)qn−1 and the sum of values of φ on the set of vertices at distance n from b, where n = d(x(a), b).
Therefore the sum of values of φ on the set of vertices at distance n from b is equal to φ(b)(q+ 1)qn−1
for every n > 0.
Hence, it is easy to see that every value ofφ is the product ofφ(b) = (f (u), ξ0) and a numberwhich
depends only on q and n but not on the cocycle f .
Indeed, φ(a) = 0 and we put α = φ(b). The function φ is constant on the set Ea1 and the sum of
values of φ on the set of vertices at distance 1 from a is zero; therefore the value of φ on Ea1 is−α/q.
We consider now the set Eb1 on which φ is constant; because φ(a) = 0 and the sum of values of φ
on the set of vertices at distance 1 from b is equal to α(q + 1), we have that the value of φ on Eb1 is
α(1+ 1/q). In general, for every n ≥ 0, we have that:
{x ∈ X : d(a, x) = n} = Ean ∪ Ebn−1
and
{x ∈ X : d(b, x) = n} = Ean−1 ∪ Ebn .
Let ξn be the value of φ on the set Ean and ηn be the value of φ on E
b
n; then
qnξn + qn−1ηn−1 = 0
and
qn−1ξn−1 + qnηn = α(q+ 1)qn−1.
Hence, by induction, we have that:
ξn = −α

1
q
+ 1
q2
+ · · · + 1
qn

for every n ≥ 1 (recall that φ(a) = 0) and
ηn = α

1+ 1
q
+ 1
q2
+ · · · + 1
qn

for every n ≥ 0.
Therefore two cocycles φ andψ both identically zero on Ga are equal if and only if φ(b) = ψ(b); in
particular φ ≡ 0 on G if and only if φ(b) = 0. The fact that a cocycle φ identically zero on Ga depends
only on the value at b is a consequence of the following five properties of φ:
(1) φ is identically zero on Ga
(2) φ is right Ga-invariant
(3) φ is left (Ga ∩ Gb)-invariant
(4)

Ga
φ(kx)dk = 0 for every x
(5)

Gb
φ(kx)dk = φ(b) for every x.
Hence, we define the space M as the set of functions on G satisfying the five properties above.
ThereforeM is a linear space and every function ofM depends only on its value at b. Ifψ1 is the unique
function ofM such that ψ1(b) = 1, then φ = φ(b)ψ1 for every φ inM and soM has dimension 1.
Moreover the linear map
Z1Ga(G, σ ) −→ M
f −→ (f (.), ξ0)
as observed, is injective because if (f (.), ξ0) = φ ≡ 0 then f ≡ 0. The fact that H1(G, σ ) ≃ Z1Ga(G, σ )
because σ is not spherical and that M has dimension equal to 1 imply that either H1(G, σ ) = 0 or
H1(G, σ ) ≃ C.
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Now let σ be the special representation σ+. Let u be an inversion on the edge [a, b] and f a cocycle
of Z1Ga(G, σ ). Because u
2(a) = a, then f (u2) = 0 and f (u) = −σ(u)f (u). This implies that:
(f (u), ξ0) = −(f (u), σ (u−1)ξ0).
For σ = σ+ the vector ξ0 can be chosen in such a way that σ(u−1)ξ0 = ξ0 for every inversion u on
[a, b] (while for the special representation σ− we have that σ(u−1)ξ0 = −ξ0 for every inversion u)
(see [6] p. 97 et seq.). This implies that α = φ(b) = (f (u), ξ0) = 0 and f ≡ 0 for every f in Z1Ga(G, σ+).
This proves that H1(G, σ+) = 0 as already known from Delorme’s theorem.
If σ = σ−, then, as observed above, H1(G, σ−) ≠ 0 and so H1(G, σ−) ∼= C. This completes the
description of the groups H1(G, π) for G in the class (*).
Now we prove that H1(G, σ ) ∼= C for a group G in the class (**) and X a homogeneous tree (the
case of a semihomogeneous tree is very similar and so we omit it). As before, let [a, b] be an edge.
Then G(a) and G(b) are the two orbits of G. In this case, the function φ is again right Ga-invariant and
so is a function on G/Ga ∼ G(a) = {x : d(x, a) is an even number}. If the measure of Ga is 1, then also
the measure of Gb is 1. In fact G acts transitively on the tree boundary and both groups Ga and Gb act
transitively on the boundary. In particular both groups Ga and Gb act transitively on the set of vertices
at distance 1 from a and b, respectively. This implies that the subgroup Ga∩Gb has index q+1 in both
groups Ga and Gb and som(Ga) = m(Gb).
Moreover
Ga
φ(kx)dk = 0
for every x in G and
Gb
φ(kx)dk =

Gb
φ(k)dk
for every x. Let x be an element of G such that d(a, x(a)) = 2n, then m(Ga ∩ Gx) = 1/(q + 1)q2n−1.
Let ξ2n be the value of φ on the set Ea2n = {x ∈ X : d(a, x) = 2n} ∩ Cb,a and, respectively, η(2n−1) be
the value of φ on the set Eb(2n−1) = {x ∈ X : d(b, x) = (2n− 1)} ∩ Ca,b. We have that
Ea2n = q2n andEb(2n−1) = q(2n−1) ∀n > 0. The set of vertices at distance 2n from a is the union of the sets Ea2n∪Eb(2n−1).
The fact that the integral of φ(kx) on Ga is zero implies that q2nξ2n + q(2n−1)η(2n−1) = 0 and so
η(2n−1) = −qξ2n
for every n > 0. If x(a) is in Eb(2n−1) for n > 1, then the integral of φ(kx) on Gb is
Gb
φ(kx)dk = q
q+ 1η(2n−1) +
1
q+ 1ξ(2n−2) =

Gb
φ(k)dk
while for n = 1 we have that
Gb
φ(k)dk = q
q+ 1η1.
By induction, the last three relations allow us to obtain that:
ξ2n =

1+ 2
q
+ 2
q2
+ · · · + 2
q2n

ξ2 ∀n ≥ 2
η(2n−1) = −q

1+ 2
q
+ 2
q2
+ · · · + 2
q2n

ξ2 ∀n ≥ 2
η1 = −qξ2.
Hence φ depends only on the value ξ2 and, also in this case, H1(G, σ ) ∼= C.
This concludes the proof of the Theorem. 
By the Theorem, we obtain the following Corollary which is already well known [3, Theorem 4.12,
Chapter X p. 205]:
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Corollary. Let F be a local field and G = PGL2(F ) or G = PSL2(F ). Then H1(G, π) = 0 for every
continuous unitary irreducible representation of G except if π = σ− for G = PGL2(F ) and π = σ for
G = PSL2(F ), where H1 ≃ C.
Finally, we thank once again the Referee for the Ref. [3] and for valuable comments.
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